ABSTRACT. A noncommutative solenoid is the C*-algebra C * (Q 2 N , σ) where Q N is the group of the N -adic rationals twisted and σ is a multiplier of Q 2 N . In this paper, we use techniques from noncommutative topology to classify these C*-algebras up to *-isomorphism in terms of the multipliers of Q 2 N . We also establish a necessary and sufficient condition for simplicity of noncommutative solenoids, compute their K-theory and show that the K 0 groups of noncommutative solenoids are given by the extensions of Z by Q N . We give a concrete description of nonsimple noncommutative solenoids as bundle of matrices over solenoid groups, and we show that irrational noncommutative solenoids are real rank zero AT C*-algebras.
INTRODUCTION
Since the early 1960's, the specific form of transformation group C * -algebras given by the action of Z on the circle generated through a rotation that was an irrational multiple of 2π has sparked interest in the classification problem for C * -algebras in particular and the theory of C * -algebras in general. When first introduced by Effros and Hahn in [9] , it was thought that these C * -algebras had no non-trivial projections. This was shown not to be the case by M. Rieffel in the late 1970's [19] , when he constructed a whole family of projections in these C * -algebras, and these projections played a key role one of Pimsner's and Voiculescu's methods of classifying these C * -algebras up to * -isomorphism, achieved in 1980 ( [18] ) by means of K-theory. Since then these C * -algebras were placed into the wider class of twisted Z n -algebras by M. Rieffel in the mid 1980's ( [20] ) and from this point of view were relabeled as non-commutative tori. The Z n -analogs have played a key role in the non-commutative geometry of A. Connes [3] , and the class of C * -algebras has been widened to include twisted C * -algebras associated to arbitrary compactly generated locally compact Abelian groups [8] . However, up to this point, the study of twisted group C * -algebras associated to Abelian groups that are not compactly generated has been left somewhat untouched.
There are a variety of reasons for this lack of study, perhaps the foremost being that Abelian groups that cannot be written as products of Lie groups R n and finitely generated Abelian groups are much more complicated and best understood by algebraists; furthermore, the study of extensions of such groups can touch on logical conundrums. One could also make the related point that such groups require more technical algebraic expertise and are of less overall interest in applications than their compactly generated counterparts. On the other hand, it can also be said that discrete Abelian groups that are not finitely generated have begun to appear more frequently in the literature, including in algebra in the study of the two-relation Baumslag-Solitar groups, where they appear as normal Abelian subgroups, in the study of wavelets, where these groups and their duals, the solenoids, have appeared increasingly often in the study of wavelets [6, 7, 5, 1, 2] . We thus believe it is timely to study the twisted C*-algebras of the groups Q 2 N where Q N is the group of N -adic rational numbers for arbitrary natural number N > 1 and in homage to M. Rieffel, we call such C * -algebras noncommutative solenoids.
In this paper, we present the classification of noncommutative solenoids up to * -isomorphism using methods from noncommutative topology. They are interesting examples of noncommutative spaces, and in particular, they can be seen as noncommutative orbit spaces for some actions of the N -adic rationals on solenoids, some of them minimal. Thus, our classification provides a noncommutative topological approach to the classification of these actions as well. Our work is a first step in the study of the topology of these new noncommutative spaces. Our classification result is based on the computation of the K-theory of noncommutative solenoids. We prove that the K 0 groups of noncommutative solenoids are exactly the groups given by Abelian extensions of Z by Q N , which follows from a careful analysis of such extensions. We relate the class of noncommutative solenoids with the group Ext(Q N , Z), which is isomorphic to Z N /Z where Z N is the additive group of N -adic integers [12] , and we make explicit the connection between N -adic integers and our classification problem. We also partition the class of noncommutative solenoids into three distinct subclasses, based upon their defining twisting bicharacter: rational periodic noncommutative solenoids, which are the nonsimple noncommutative solenoids, and the only ones of of type I, and are fully described as bundles of matrices over a solenoid group; irrational noncommutative solenoids, which we show to be simple and real rank zero AT-algebras in the sense of Elliott; and last rational aperiodic noncommutative solenoids, which give very intriguing examples. using the co-functoriality of Pontryagin duality and Sequence (1.2). We check that this limit is (up to a group isomorphism) the group S N , and the pairing is easily computed.
Using Proposition (1.2), we start this paper with the computation of the second cohomology group of Q 2 N . We then compute the symmetrizer group for any skew-bicharacter of Q 2 N , as it is the fundamental tool for establishing simplicity of twisted group C*-algebras. The second section of this paper studies the basic structure of quantum solenoids, defined as C * (Q 2 N , σ) for σ ∈ H 2 (Q 2 N ). We thus establish conditions for simplicity, and isolate the three subclasses of noncommutative solenoids. We then compute the K-theory of noncommutative solenoids and show that they are extensions of Z by Q N . We then prove that the K 0 groups of noncommutative solenoids are given exactly by all possible Abelian extensions of Z by Q N . This section presents self-contained computations of the Z-valued 2-cocycles of Q N corresponding to K 0 groups of noncommutative solenoids and a careful analysis of Ext(Q N , Z). We then compute an explicit presentation of rational noncommutative solenoids.
In our last section, we classify all noncommutative solenoids in terms of their defining T-valued 2-cocycles. Our technique, inspired by the work of [21] on rational rotation C*-algebras, uses noncommutative topological methods, namely our computation of the K-theory of noncommutative solenoids. We also connect the theory of Abelian extensions of Z by Q N with our *-isomorphism problem.
Our work is a first step in the process of analyzing noncommutative solenoids. Questions abound, including queries about Rieffel-Morita equivalence of noncommutative solenoids and the structure of their category of modules, additional structure theory for aperiodic rational noncommutative solenoids, higher dimensional noncommutative solenoids and to what extent the Connes' noncommutative geometry can be extended to these noncommutative solenoids.
MULTIPLIERS OF THE N -ADIC RATIONALS
We first compute the second cohomology group of Q 2 N . A noncommutative solenoid will mean, for us, a twisted group C*-algebra of Q N × Q N for some N ∈ N, N > 1. We shall apply the work of Kleppner [15] to determine the group
Theorem 2.1. Let N ∈ N, N > 1. We let:
The set Ξ N is a group for the pointwise modulo-one addition operation. As a group, Ξ N is isomorphic to S N . Let B (2) (Q 2 N ) be the group of skew-symmetrized bicharacters defined by:
(2) if and only if there exists α ∈ Ξ N such that, for all p 1 , p 2 , p 3 , p 4 ∈ Z and k 1 , k 2 , k 3 , k 4 ∈ N, we have
Moreover, α is uniquely determined by ϕ.
with 0 ≤ j ≤ N − 1 so 0 ≤ α k+1 < 1, so our claim holds by induction. With this observation, it becomes straightforward to check that Ξ N is a group for the operation of entry-wise addition modulo one.
By definition of Ξ N , the map e : Ξ N → S N defined by e(α) k = exp(2iπα k ) for any α ∈ Ξ N is a bijection, which is easily checked to be a group isomorphism.
Following [15] , let B be the group of bicharacters of Q 2 N and denote the group B (2) (Q 2 N ) simply by B (2) . The motivation for this computation is that, as a group, [15, Theorem 7 .1] since Q N is discrete and countable. However, we will find a more convenient form of H 2 (Q 2 N ) in our next theorem using the following computation:
Let Ψ ∈ B (2) . Fix ϕ ∈ B such that:
N with pairing given in Proposition (1.2). The map:
is a character of Q N , so there exists a unique ζ ∈ S N such that:
Similarly, there exists η, χ, ξ ∈ S N such that for all p ∈ Z, k ∈ N we have:
Using the bicharacter property of ϕ again, we arrive at:
, there exists ν ∈ S N with ν 0 = 1 such that:
where we use the property that ζ
N , we have ν = 1. By the same method, we deduce:
k1+k4 . Now, by setting all but one of p 1 , p 2 , p 3 , p 4 to zero, we see that ϕ determines (η, ζ, χ, ξ) ∈ S 4 N uniquely. Thus, we have defined an injection ι from the group of bicharacters of Q 2 N into S 4 N by setting, with the above notation: ι(ϕ) = (ζ, ξ, η, χ). It is straightforward that this map is a bijection.
Thus, ϑ :
−1 is given by:
after transposing the matrix multiplication as the product is a scalar. So
though it is not in our chosen canonical form, i.e. γ −µ may not lie in Ξ N -it takes values in (−1, 1) instead of [0, 1). Let us find the unique element of Ξ 4 N which is mapped by ϑ to Ψ. Observe that we can add any integer to the entries of the matrix in Expression (2.1) without changing Ψ. Let n ∈ N. Set ǫ n to be 1 if γ n − ν n < 0, or to be 0 otherwise. Let ω 1 n = ǫ n + γ n − µ n and ω 2 n = (1 − ǫ n ) + µ n − γ n . We check that ω 1 , ω 2 ∈ Ξ N and that ω 1 n + ω 2 n = 1 for all n ∈ N. We can moreover write:
is the constant sequence (1) n∈N , we have in fact constructed a bijection from Ξ N onto B 2 (Q 2 N ) as desired. The form for Ψ proposed in the Theorem is more convenient. We obtain it by simply subtracting 1 from ω 2 n for all n ∈ N, which does not change the value of Expression(2.2). We thus get:
While [15] shows that B which are not cohomologous, and map, respectively, to ϕ and 1, since [15] shows that there is a bijection from
). This is quite inconvenient, and we prefer, for this reason, the description of multipliers of Q 2 N up to equivalence given by our next Theorem (2.3). Theorem 2.3. Let N ∈ N, N > 1. There exists a group isomorphism ρ :
, and if f is a multiplier of class σ, then f is cohomologous to:
, by Theorem (2.1) there exists a unique α ∈ Ξ N such that:
Define µ(ϕ) = Ψ α . We then check immediately that δ • µ is the identity. Now, denote by ζ :
N ) the isomorphism from [15] . If f and g are two multipliers of The simplicity of twisted group C*-algebras is related to the symmetrizer subgroup of the twisting bicharacter. We thus establish, using the notations introduced in Theorem (2.1), a necessary and condition for the triviality of the symmetrizer group of multipliers of Q N for N ∈ N, N > 1. As our work will show, it is in fact fruitful to invest some effort in working with a generalization of the group Ξ N based upon certain sequences of prime numbers. Definition 2.5. The set of all sequences of prime numbers with finite range is denoted by P.
As a matter of notation, if Λ ∈ P then its n th entry is denoted by Λ n , so that Λ = (Λ n ) n∈N . Definition 2.6. Let Λ ∈ P. For all k ∈ N, K > 0 we define π k (Λ) as k−1 j=0 Λ j , and π 0 (Λ) = 1. The set {π k (Λ) : k ∈ N} is denoted by Π(Λ). Note that π defines a strictly increasing map from N into Π(Λ), whose inverse will be denoted by δ.
Periodic sequences form a subset of P, and if we impose a specific ordering on the prime numbers appearing in the smallest period of such a periodic sequence, we can define a natural embedding of N \ {0, 1} in P. We shall use: Notation 2.7. Given two integers n and m, the remainder for the Euclidean division of n by m in Z is denoted by n mod m. On the other hand, given H ⊂ G and x, y ∈ G, then x ≡ y mod H means that x and y are in the same H-coset in G. Definition 2.8. Let Λ ∈ P be a periodic sequence. If T is the minimal period of Λ ∈ P, we define ν(Λ) to be the natural number π T −1 (Λ) = 
A central family of objects for our work is given by: Definition 2.9. Let Λ ∈ P. The group Ξ Λ is defined as a set by:
and with the operation of pointwise addition modulo 1. 
It is immediate to check that ω(α) ∈ Ξ N and, thus defined, ω is a group monomorphism. We shall now prove it is also surjective. Let us denote Λ(N ) simply by Λ.
Let (ν n∈N ) ∈ Ξ N . Let η nΩ(N ) = ν n for all n ∈ N. Let n ∈ N. By definition of Ξ N , there exists m ∈ {0, . . . , N − 1} such that N ν n+1 = ν n + m. Let r 0 , m 0 be the remainder and quotient for the Euclidean division of m by Λ 0 . More generally, we construct m j+1 , r j+1 as respectively the quotient and remainder of The Euclidean division of m j by Λ j for j = 0, . . . , Ω(N ) − 1. Set:
for all j = 0, Ω(N ) − 1. We have given two definitions of η nΩ(N ) and need to check they give the same values:
so our construction leads to a coherent result. Now, by construction, η ∈ Ξ Λ(N ) , and ω(η) = ν. Hence ω is a group isomorphism. This completes our proof.
Remark 2.11. The group Ξ Λ can be topologized as a subspace of ([0, 1]/ ∼) N where ∼ is the equivalence relation defined by x ∼ y ⇐⇒ (x = y) ∨ (x = 0 ∧ y = 1). With this topology, the natural isomorphism e is of course an homeomorphism, so that Ξ Λ is isomorphic to:
Λn n+1 = z n } as a topological group, though we shall not need this.
We are now ready to establish a necessary and sufficient condition for the symmetrizer group of a given multiplier to be nontrivial.
The following assertions are equivalent:
The sequence α has finite range (i.e. {α n : n ∈ N} is finite).
N (which is equivalent to α = 0) or there exists a nonzero b ∈ N such that:
Proof. Let us assume that s α is nontrivial and prove that the range of α is finite. The result is trivial if α = (0) n∈N , so we assume that there exists s ∈ N such that α s = 0. By definition of Ξ Λ , we then have α n = 0 for all n ≥ s.
given by:
The symmetrizer group s α is now given by:
N we have:
Then, by Theorem (2.3), for all p 3 , p 4 ∈ Z and k 3 , k 4 ∈ N:
Since Congruence (2.3) only depends on k 1 + k 4 and must be true for all k 4 ∈ N, we can and shall henceforth assume that k 1 ≥ s. Without loss of generality, we assume n = 0 (if n = 0, then m = 0 and the following argument can be easily adapted). Denote by β the unique extension of α in Ξ Λ(N ) and denote Λ(N ) simply by Λ. Congruence (2.3) implies that for all k 3 , k 4 ∈ N:
Since r−1 l=j β j+r ≡ Λ j mod Z for all j, r ∈ N, r > 0, we conclude that for any k 3 , k 4 ∈ N we have:
or, more generally, for any l 1 ≥ Ω(N )k 1 , we have:
We shall now modify Λ and β so that we may assume that n in Congruence (2.6) may be chosen so that n is relatively prime with N .
To do so, we write n = n 1 Q with n 1 ∈ Z relatively prime with N and the set of prime factors of Q ∈ N is a subset of the set of prime factors of N . Let k ∈ N be the smallest integer such that Q divides π kΩ(N ) (Λ) and k ≥ k 1 . Such a natural number exists by definition of Q and Λ. Let j 1 < j 2 < · · · < j r ∈ N such that j r < Ω(N )k and Q = r l=1 Λ j l : such a choice of integers j 1 , . . . , j r exists by definition of k. We also note that r = Ω(Q) − 1. Let z 1 < z 2 < · · · < z t ∈ N be chosen so that:
We now define the following permutation of N:
Let Λ ′ ∈ P be defined by Λ ′ j = Λ s(j) for all j ∈ N. By construction, Λ and Λ ′ agree for indices greater or equal than Ω(N )k. Let α be the unique sequence in
By construction, for all k 3 , k 4 ∈ N, we have:
Thus, we have shows that if S α is not trivial, then there exists Λ ′ ∈ P and a supersequence α ′ ∈ Ξ Λ ′ of (a truncated subsequence of) α, as well as n 1 ∈ Z with the set of prime factors of n 1 disjoint from the range of Λ ′ and k, k 2 ∈ N, such that for all j, j ′ ∈ N and p, q ∈ Z, we have:
We now must have:
and n 1 are relatively prime. Hence we have:
By induction, using the same argument as above, we thus get that we must have:
Hence if S α is nontrivial, then α ′ (and therefore α) must have finite range.
Remark 2.13. Condition (2.9) implies that in fact, there exists b, k ∈ N such that for all n ≥ k, there exists a ∈ {1, . .
′ has finite range, there exists K ∈ N such that α 
It is obvious that if α has finite range, then there exists j < k such that α j = α k .
Let us now prove that if α takes the same value at least twice, then there exists
Let us now assume that there exists k ∈ N such that (N k − 1)α 0 ∈ Z and show that α is periodic. If α j = a b for some j ∈ N and some a, b ∈ N nonzero and relatively prime, then α k+j = d b for some d ∈ {1, . . . , b − 1} and:
Hence by induction, α k+j = α j for all j ∈ N, as desired.
Let us assume that α is periodic, which of course implies α 0 = a b for some relatively prime a, b ∈ Z, or α = 0. In the former case, we simply have:
where α j = aj b for a j ∈ {1, . . . , b − 1} and all j ∈ N, using Remark (2.13). The computation of S α is now trivial. It is also immediate, of course, if α = 0. In particular, this computation shows that S α is not trivial if α is periodic, which concludes our equivalence. Remark 2.14. We note that if the symmetrizer group of the multiplier Ψ α for α ∈ Ξ N is nontrivial, then α is rational valued. The converse is false, as it is easy to construct an aperiodic α ∈ Ξ N which is rational valued: for instance, given any N > 1 we can set α n = 1 N n for all n ∈ N. Then s α = {0}. 
3. THE NONCOMMUTATIVE SOLENOID C * -ALGEBRAS
We now start the analysis of the noncommutative solenoids, defined by:
Let N ∈ N with N > 1 and let α ∈ Ξ N . Let Ψ α be the skew bicharacter defined in Theorem (2.3). The twisted group C*-algebra
The main purpose of this and the next section is to provide a classification result for noncommutative solenoids based upon their defining multipliers. The key ingredient for this analysis is the computation of the K-theory of noncommutative solenoids, which will occupy most of this section. However, we start with a set of basic properties one can read about noncommutative solenoids from their defining multipliers.
It is useful to introduce the following notations, and provide an alternative description of our noncommutative solenoids. 
where W x,y are unitaries for all (x, y) ∈ Q 2 N , and
Proof. The C*-algebra C(S N ) of continuous functions on S N is the group C*-algebra of the dual of S N , i.e. it is generated by unitaries U p for p ∈ Q N such that U p U p ′ = U p+p ′ . Equivalently, it is the universal C*-algebra generated by unitaries u n such that u N n+1 = u n , with the natural *-isomorphism ϕ extending
The C*-crossed-product C(S N ) ⋊ θ α Q N is generated by a copy of C(S N ) and unitaries
for all p 1 , p 2 ∈ Z and k 1 , k 2 ∈ N. Now, the following map (using Notation (3.2)):
can be extended into a *-epimorphism using the universal property of C(S N ) ⋊ θ α Q N . The universal property of A S α implies that this *-morphism is a *-isomorphism, by showing the inverse of this *-epimorphism is a well-defined *-epimorphism.
3) is minimal if and only if α is irrational-valued. However, if α has infinite range, the orbit space of θ is still a single topological point.
We start our study of noncommutative solenoids by establishing when these C*-algebras are simple:
The following statements are equivalent:
(
Proof. The symmetrizer group S α of Ψ α is trivial if and only if the asserted condition holds, by Theorem (2.12). Since Q 2 Λ is Abelian, and since the dual of S α is trivial, the action of Q As our next observation, we note that noncommutative solenoids carry a trace, which will be a useful tool for their classification. and extending · by universality of A S α , using Notation (3.2). This is of course the dual action of
N is compact, the existence of an invariant tracial state τ is due to [13] . Moreover, A 
As our next observation, the C*-algebras A S α (α ∈ Ξ N , N ∈ N, N > 1) are inductive limit of rotation algebras. Rotation C*-algebras have been extensively studied, with [19, 10] being a very incomplete list of references. We recall that given θ ∈ [0, 1), the rotation C*-algebra A θ is the universal C*-algebra for the relation V U = exp(2iπθ)U V with U, V unitaries. It is the twisted group C*-algebra C * (Z 2 , Θ) where Θ((n, m), (p, q)) = exp(iπθ(nq − mp)). The unitaries associated to (1, 0) and (0, 1) in C * (Z 2 , Θ) will be denoted by U θ and V θ and referred to as the canonical unitaries of A θ . Of course, {U θ , V θ } is a minimal generating set of A θ . We now have: Theorem 3.7. Let N ∈ N with N > 1 and α ∈ Ξ N . For all n ∈ N, let ϕ n be the unique *-morphism from A α2n into A α2n+2 extending:
Then:
where A θ is the rotation C*-algebra for the rotation of angle 2iπθ. Proof. We use Notations (3.2). Consider the given sequence of irrational C*-algebra. Fix k ∈ N. Define the map:
. By universality of A α 2k , the map υ k extends to a unique *-morphism, which we still denote υ k , from A α 2k into A S α . It is straightforward to check that the diagram:
commute. So by universality of the inductive limit, there is a morphism from
We can use Theorem (3.7) to compute the K-theory of the C*-algebras 
We then have: 
In particular, all tracial states of A S α lift to the same state of K 0 (A S α ) given by (3.1) . Proof. Define j α n ∈ {0, . . . , N − 1} for n ∈ N by N α n+1 = α n + j α n , so that by definition:
To ease notations, we also introduce for all n ∈ N the integer r α n ∈ {0, . . . ,
As a preliminary step, we check that K α is a group. It is a nonempty subset of
N n . In this case, Expression (3.2) becomes:
which lies in K α . The computations are similar if we assume instead r < n and k = n. Thus K α is a subgroup of Q 2 N . We remark here that the sequences (j k ) k∈N and (J k ) k∈N are closely related to the group of N -adic integers Z N ; we shall discuss this relationship in detail at the conclusion of the proof.
We simplify our notations in this proof and denote the canonical unitaries of the rotation C*-algebra A α 2k as U k and V k for all k ∈ N. It is well known that:
Moreover, K 0 (A α 2k ) is generated by the classes of the identity and a Rieffel projection P of trace α 2k , which we denote by (1, 0) and (0, 1) respectively. We also know that K 1 (A α 2k ) is generated by the classes of U k and V k , denoted respectively by (1, 0) and (0, 1).
We start with a key observation. Let P be a Rieffel projection of trace α 2k in A α 2k , then it is of the form g(
whose trace is again α 2k . We recall that with our notation:
, where we note that α 2k+2 is the trace of the generator of K 0 (A 2k+2 ). Let k ∈ N and let ϕ k be the *-morphism defined in Theorem (3.7). The maps K 0 (ϕ k ) and K 1 (ϕ k ) are thus completely determined, as morphisms of Z 2 , by the relations:
We now use the continuity of K-theory groups to conclude:
N , and
We claim that the group
For k ∈ N we define υ k : Z 2 → K to be the multiplication by the matrix:
We now check the following diagram is commutative:
Let τ be a tracial state of A S α . First, we note that (1, 0) ∈ K is the image of (1, 0) ∈ Z 2 for all υ k , with k ∈ N. Since τ (1) = 1 in A 2k for all k ∈ N, we conclude that K 0 (τ )(1, 0) = 1. On the other hand, the element
is the image of (0, 1) ∈ Z 2 by υ k . The generator (0, 1) of K 0 (A α 2k ) has trace α 2k , so
= α 2k for all k ∈ N. Now, since:
and since K 0 (τ ) is a group morphism, we get:
Using the morphism property of K 0 (τ ) again, we obtain the desired formula.
The group K α defined in Theorem (3.8) is in fact an extension of Q N given by:
where ι : z ∈ Z → (z, 0) is the canonical injection and π : z +
is easily checked to be a group morphism such that the above sequence is exact. The class of this extension in H 2 (Q N , Z) is however not in general an invariant of the *-isomorphism problem for noncommutative solenoids: as we shall explain in the next section, we must consider a weaker form of equivalence for Abelian extensions to construct such an invariant. It will translate into an equivalence relation on Ext(Q N , Z N ) to be detailed after Theorem (4.2).
We now proceed to provide a description of the Z-valued 2-cocycle of Q N associated to Extension (3.3) and provide a different, more standard picture for K α . Remarkably, we shall see that every element of Ext(Q N , Z) is given by the Ktheory of A S α for some α ∈ Ξ N . As a first indication of this connection, we note that for a given α ∈ Ξ N , the sequence (J α k ) k∈N can be seen an element of the group Z N of N -adic integers [14] . For our purpose, we choose the following description of Z N :
Definition 3.9 ([14]
). Let N ∈ N, N > 1. Set:
This set is made into a group with the following operation.
This group is the group of N -adic integers.
The connection between Ξ N (or equivalently, S N ), Z N , Ext(Q N , Z) and K 0 groups of noncommutative solenoids is the matter of the next few theorems. We start by observing that the following is a short exact sequence:
where q : α ∈ Ξ N → exp(2iπα 0 ) and ι is the natural inclusion given by:
Thus, for any element α of Ξ N , the sequence (J α k ) k∈N of Theorem (3.8) associated to α is easily checked to be the unique element in
We shall use the following terminology:
where k is the smallest element of {n ∈ N : ∃p ∈ Z q = q N n }. By standard abuse of terminology, we say that p N k is q written in its reduced form.
A fraction in N -reduced form in Q N may not be irreducible in Q, so this notion depends on our choice of N . Namely, even if Q N = Q M for N = M , and p N k ∈ Q N is in N -reduced form, it may not be in M -reduced form. We shall however drop the prefix N when the context allows it without introducing any confusion.
We now prove the following lemma: 
Proof. We introduce some useful notations for this proof. We defined j k ∈ {0, . . . , N − 1} for all k ∈ N by:
We also define J k,m for all m, k ∈ N, m > k by:
Note that
when k 2 < k 1 and qJ r,k1 if k 1 = k 2 and p 1 + p 2 = N k1−r q, with q and N relatively prime, and with all fractions written in their reduced form in Q N .
By construction, ξ J is a symmetric function. Let x, y, z ∈ Q N . We wish to show that:
Let us write x = px N kx in its reduced form, and use similar notations for y and z. We proceed by checking various cases.
Case 3.11.1. Assume x, y, z have the same denominator N k in their reduced form, and that x + y = q N r in its reduced form, with r < k. Then by definition, ξ J (x, y) = qJ r,k and ξ J (x + y, z) = −qJ r,k so the left hand side of Identity (3.4) is zero. Let y + z = q ′ N n in its reduced form. If, again, n < k, the right hand side of Identity (3.4) is zero again and we have shown that Identity (3.4) holds. If n = k then ξ J (y, z) = 0 by definition. Moreover, x + y + z must have denominator N k in its reduced form. Indeed, since x, y have the same denominator N k in reduced form, yet their sum does not, p x + p y is a multiple of N . If moreover, p x + p y + p z is also a multiple of N , then p z is a multiple of N , which contradicts the definition of reduced form. Hence, x + y + z has denominator N k in its reduced form and ξ J (x, y + z) = 0 by definition. Case 3.11.2. Assume now that k x > k y > k z . Then by definition:
By definition, J kz ,ky + N ky−kz J ky ,kx = J kz ,kx . We then easily check that the left and right hand side of Identity (3.4) which are given by Identities (3.5) and (3.6) agree.
This case also handles the situation k z > k y > k z by switching the left and right hand side of Identity (3.4).
Case 3.11.3. Assume now that k y > k x > k z . Then the left hand side of Identity (3.4) is given by:
On the other hand, the right hand side becomes:
and thus Identity (3.4) is satisfied again. We also get by symmetry the case k y > k x > k z . 
while the right hand side is:
and as in Case 1, both side agree. The last possible strict inequality k z > k x > k y is handle by symmetry again.
One similarly verifies that ξ J is a cocycle for the cases 
for all z, y, p 1 , p 2 ∈ Z, k 1 , k 2 ∈ N. The map:
is a group isomorphism. Thus K 0 (A S α ) is isomorphic to Q α and, using ω to identify these groups, we have:
Proof. It is immediate that ω is a bijection. It remains to show that it is a group morphism. Let x = px N kx , y = py N ky with p x , p y ∈ Z, k x , k y ∈ N. Let z, t ∈ Z. We consider three distinct cases.
Case 3.12.1. The easiest case is when k x = k y and p x + p y is not a multiple of N . Then ξ α (x, y) = 0 so ⊞ reduces to the usual addition and we have: ω(z, x) + ω(t, y) = (z + x, x) + (t + y, y) = ω(z + t, x + y) = ω((z, x) ⊞ (t, y)), as needed. Case 3.12.2. Now, assume k x = k y yet p x + p y = N k−r q for some q not divisible by N and some r ∈ N, r > 0. Then:
r,kx by definition, as given in Theorem (3.8) and Lemma (3.11). Hence:
Case 3.12.3. Last, assume k x = k y . Without loss of generality, since our groups are Abelian, we may assume k x < k y . Now:
as expected.
This completes the proof of that ω is an isomorphism. Now, ω(1, 0) = (1, 0) and ω 0,
Using Theorem (3.8), we conclude that tracial states lift to the given map in our theorem.
Thus, to α ∈ Ξ N , we can associate a cocycle
is given by the extension of Q N by Z associated with ξ α . It is natural to ask how much information the class of ξ α in H 2 (Q N , Z) contains about noncommutative solenoids. This question will be fully answered in the next section, yet we start here by showing that the map J ∈ Z N → [ξ J ] ∈ Ext(Q N , Z) is surjective with kernel Z, where [ξ] is the class of the extensions of Q N by Z (which is Abelian for our cocycles) for the equivalence of extension relation.
First, we recall:
For all n ∈ N we define ι(z) n to be the remainder for the Euclidean division of z by N n in Z. Then ι(z) ∈ Z N by construction, and there exists K z ∈ N such that ι n (z) = ι Kz (z) for all n ≥ K z . Conversely, given any J ∈ Z N which is eventually constant, we can associate the natural number ζ(J) = J K where K is the largest natural number such that J K < J K+1 . One checks easily that ζ • ι is the identity on N.
The map ι extends to a group monomorphism from Z to Z N . Moreover, if z < 0 then there exists
Proof. This is well known.
We now compute the cohomology relation for our Z-valued cocycles given by K 0 groups of noncommutative solenoids: Lemma (3.13) . Let ξ J , ξ R be the respective Z-valued 2-cocycle of Q N given by Lemma (3.11) . Then ξ J and ξ R are cohomologous if and only if J − R ∈ ι(Z). This is equivalent to one of the following condition holding:
In particular, if N > 1 then there exists nontrivial cocycles of the form ξ α for some α ∈ Ξ N .
Proof. Let σ = ξ J − ξ R . For all n ∈ N, we define j n and r n as the unique integers in {0, . . . , N − 1} such that N n j n = J n+1 − J n and N n r n = R n+1 − R n . Assume there exists ψ : Q N → Z such that for all x, y ∈ Q N , we have:
is not a multiple of N , with all fractions written in reduced form in Q N . Hence, under this condition, we have:
We now get:
Hence, for all k ∈ N we have:
Now:
Case 3.14.1. Assume first that for all m ∈ N there exists k ∈ N with k > m such that ψ(1)
for infinitely many k ∈ N. Since −j n + r n > −N , we have −j n + r n + N − 1 ≥ 0. If −j n + r n + N − 1 > 0 then the right hand side of Inequality (3.7) is unbounded as k is allowed to go to infinity, which is absurd since the left hand side is ψ(1). This implies that there exists M ∈ N such that for all k ≥ M , we have
We then have:
The cases for ψ(1)+J k −R k ≤ N k for infinitely many k ∈ N, and ψ(1) = R k −J k for infinitely many k ∈ N, are proved similarly.
Remark 3.15. Let α ∈ Ξ N be given such that there exists ψ ∈ Z such that ψ + J k = N k for all n ∈ N. Then define the map:
is easily checked to be a group isomorphism. Similar constructions may be used for the other two cases of Theorem (3.14).
The following theorem shows that K 0 groups of noncommutative solenoids give all possible Abelian extensions of Q N by Z. 
k ∈ N endowed with the discrete topology. Z(N ∞ ) is also the inductive limit of:
and its dual pairing with Z N is given by:
We note that from the theory of infinite Abelian groups [12, p. 219] , to the short exact sequence of Abelian groups:
there corresponds the Cartan-Eilenberg long exact sequence in Ext theory for groups:
Since Hom(Q N , Z) = 0 and Ext(Z, Z) = 0, we deduce that we have a short exact sequence:
Since Z(N ∞ ) is a torsion group, the group Ext(Z(N ∞ ), Z) can be identified with where π * is the natural projection. Any such choice will do, and we take s(z) = x with x ∈ Q ∩ [0, 1) uniquely defined by x ≡ z mod Z. We can then define the two-cocycle:
We can now identify Z N and Ext(Z(N ∞ ), Z) as follows. For J = (J n ) n∈N,n>0 , we define the Z-valued 2-cocycle of Q N by:
We then compute that:
where for x ∈ Q, [x] mod 1 is defined to be that unique element of [0, 1) congruent to x modulo 1. Let us now fix J ∈ Z N . As before, we define (j n ) n∈N by requiring for all n ∈ N, n > 0 that J n = n−1 k=0 N k j k and j n ∈ {0, 1, · · · , N − 1}. We now calculate that the two-cocycle ζ J is given as follows:
We remark that although each term in the expression defining the cocycle may not be an integer, the combination turns into an integer. We now claim that if J ∈ Z N is in the image of ι : Z → Z N described in the Lemma (3.13), then ζ J is a coboundary. This is to be expected from the short exact sequence giving Ext(Q N , Z) as a quotient of Ext(Z(N ∞ ), Z). In this case, we recall that for (J n ) n∈N,n>0 = ι(P ) for P ≥ 0, there is M ∈ N such that J n = P for all n ≥ M . In that case for all k 1 , k 2 ≥ M and p 1 , p 2 ∈ Z:
But this eventually constant sequence is a coboundary, since defining µ J : Q N → Z by:
we check that:
Similarly if J = ι(P ) for a negative integer P , the statement of Lemma (3.13) shows that j n = N − 1 for all n ≥ M, and one proves in a similar fashion that ζ J is a coboundary.
We now claim that the two-cocycle of Lemma (3.11) (denoted hereafter by ξ J ) is cohomologous to ζ J . Recall that ξ J is defined by :
To establish this, we first remark that for all j i N i , and the result is an easy computation. Now consider the following one-cochain, generalizing our definition given earlier on this page:
where the p N k is taken in reduced form. Then the cobounding map takes −µ J to the following two-coboundary δ(−µ J ) on Q N × Q N → Z given by:
so that the cocycles ζ J and ξ J are cohomologous.
Remark 3.17. Using Theorem (3.16) and Theorem (3.14), we have shown that Ext(Q N , Z) is isomorphic to Z N /Z where we identified Z with ι(Z) ⊆ Z N .
We now turn our attention to some properties of the C*-algebras A S α for some special classes of α. There are three distinct subclasses of noncommutative solenoids based upon their basic structure:
(1) If α is a periodic sequence (and thus in particular rational), we call A S α a periodic rational noncommutative solenoid. These are exactly the nonsimple noncommutative solenoids. (2) If α is a sequence of rationals, though not periodic, then we call A S α an aperiodic rational noncommutative solenoid. (3) If α is a sequence of irrationals (and thus can never be periodic), then we call A S α an irrational noncommutative solenoid. We note that simplicity is associated to a form of finiteness, or rationality condition: we need both the (eventual) periodicity of the decimal expansion of the entries of α and the periodicity of α itself. The aperiodic rational case is the more mysterious of the three and an interesting surprise.
We start with the case where α is irrational. We use the following well known result [11] (see also [4] for a similar argument used for AF-algebras, which can be applied for AT-algebras as well), whose proof is included for the reader's convenience. We refer to [16] for the foundation of the theory of AT-algebras. A circle algebra is the C*-algebra of n × n matrix -valued continuous functions on some connected compact subset of T. An AT-algebra is the inductive limit of a sequence of direct sums of circle algebras. Proof. Let (A n ) n∈N be a sequence of AT-algebras of inductive limit A. To simplify notations, we identify A n with a subalgebra of A for all n ∈ N. Let ε > 0, k ∈ N with n > 0 and a 1 , . . . , a k ∈ A. Since A is an inductive limit, there exists K ∈ N and b 1 , . . . , b k ∈ A K such that a j − b j ≤ 1 2 ε for j = 1, . . . , k. Now, since A K is an AT-algebra, there exists L ∈ N, a finite direct sum C of circle algebras and c 1 , . . . , c k ∈ C such that b j − c j < Proof. This follows from [10] , Theorem (3.5), Lemma (3.19) and [16] .
We now consider α ∈ Ξ N (N ∈ N, N > 1) with α 0 rational periodic. By Theorem (3.5), A S α is not simple. It is possible to provide a full description of the C*-algebra A S α . We denote by M q (C) the C*-algebra of q × q matrices with complex entries, and we denote by C(X, A) the C*-algebra of continuous function from a compact space X to a C*-algebra A. 
. Proof. By Theorem (2.12), our assumption implies that α is k-periodic. Let (β n ) n∈N = (α 0 ) n∈N -i.e. β is constant, and moreover β ∈ Ξ N k . Let θ k = ϕ nk • . . . ϕ (n+1)k−1 for all n ∈ N where we use the notations of Theorem (3.7). We have:
as desired. We shall henceforth write β, by abuse of language, to mean the constant value the sequence β takes -namely α 0 .
and let E τ be the fixed point C*-subalgebra of E for the action τ of (Z/qZ) 2 . It is well known that the fixed point C*-algebra E τ of τ is *-isomorphic to A β .
Let ϕ : E → E be defined by setting:
for all ζ ∈ E. Now, using our assumption that
show that ϕ and τ commute:
• ϕ by extending (3.9) linearly and by continuity. A similar computation would show that τ (0,1) • ϕ = ϕ • τ (0,1) . Hence, ϕ restricts to an endomorphism of E τ . Now, the inductive limit of:
. Since ϕ and τ commute, the action τ extends to the inductive limit by:
) and moreover, the inductive limit of:
. Hence our theorem. We note that the proof of Theorem (3.21) shows that the embeddings from Theorem (3.7) map from and to the centers of the rotation C*-algebras. This is in contrast with the situation when α 0 is rational but α is not pseudo-periodic, which illustrates why the associated noncommutative solenoids are simple.
THE ISOMORPHISM PROBLEM
Our classification of noncommutative solenoids is based on our computation of their K-theory. We start with the following simple observation: Proof. Let us write σ(1) = pq N k in its reduced form, with q relatively prime with N and nonnegative. Note that as σ is an isomorphism, pq = 0 and moreover, there exists x ∈ Q N such that σ(x) = p N k and we must have qx = 1. This contradicts the relative primality of N and q.
We now obtain the main result of our paper. We fully characterize the isomorphism classes of noncommutative solenoids based on the multipliers of adic rationals. n β n mod 1 for all n ∈ N and note α ′ , β ′ ∈ Ξ R . There exists Λ ∈ P and γ ∈ Ξ Λ such that both α ′ and γ have a common subsequence, and
n∈N has a common subsequence with γ. Moreover, {Λ n : n ∈ N} is the set of prime factors of R.
Proof. Assume that there exists Λ ∈ P and γ ∈ Ξ Λ such that α and β have subsequences which are also subsequences of γ. Then a standard intertwining argument shows that A First, it is straightforward to show that if N and R have the same set of prime factors, then Q N and Q R are isomorphic.
Second, for all n ∈ N we have:
Third, given
∈ Q R for j = 1, 2, 3, 4, we have:
Hence, 
{ { w w w w w w w w w R where K 0 (θ) is the group isomorphism induced by θ. To ease notations, let us write σ = K 0 (θ).
Our first observation is that τ β • σ(1, 0) = τ α (1, 0) = 1, which implies that σ(1, 0) = (1, 0).
It is easily checked that π β is a group epimorphism. Moreover, ker π β = {(z, 0) : z ∈ Z}. Consequently, if z, z ′ ∈ Z, since σ z + 
Consequently, we have the following commuting diagram:
with f : Q N → Q M defined by setting f
In particular, f is a group isomorphism, so the set of prime factors of N and M are the same and Q N = Q M . As we showed in the first half of this proof, and using the definition of our Theorem, α ′ , β ′ ∈ Ξ R and Q N = Q R where R is the greatest common divisor of N, M and A Proof. If N = M and α is a truncated subsequence of β then A S α and α β are trivially *-isomorphic. The same holds if β is a truncated subsequence of α.
Conversely, assume A S α and A S β are *-isomorphic. Then as N and M are prime, so by Theorem (4.2) we have N = M . Moreover, there exists a sequence γ ∈ Ξ N such that both α and β are subsequences of γ. Now, since α, β, γ ∈ Ξ N , this implies that for some n, n ′ ∈ N we have α j = γ n+j and β j = γ n ′ +j for all j ∈ N. This shows that either α is a truncated subsequence of β (if n ′ ≤ n) or β is a truncated subsequence of α.
Theorem (4.2) relies on the invariant A S α (α ∈ Ξ N ) → K 0 (A S α ), τ α where τ α is the unique map given by lifting any tracial state of A S α to its K 0 group. We would like to add an observation regarding the information on noncommutative solenoids one can read from the K 0 group seen as an Abelian extension of Z by Q N rather than as a group alone. We fix N ∈ N, N > 1.
First, note that given α ∈ Ξ N , the pair (K 0 (A 
since ψ is unital, and where the arrow σ is defined and proven to be an isomorphism by standard diagram chasing arguments. Conversely, we say that two Abelian extensions of Z by Q N such that there exists a commutative diagram of the form Diagram (4.2) are weakly equivalent (note that Theorem (3.16) shows that any such extension can be obtained using the Ktheory of noncommutative solenoids). Note that weakly equivalent extensions are isomorphic but not necessarily equivalent as extensions. The difference is that we allow for an automorphism σ of Q N . This reflects, informally, that according to Theorem (4.2), the noncommutative solenoid A S α only partially determines α. Now, given two equivalent Abelian extensions of Z by Q N , if one is weakly equivalent to some other extension, then so is the other. Hence, weakly equivalence defines an equivalence relation ≡ on Ext(Q N , Z) such that if α, β ∈ Ξ N give rise to *-isomorphic noncommutative solenoids, then the associated Abelian extensions of cocycle ξ α and ξ α (see Lemma (3.11)) in Ext(Q N , Z) are equivalent for ≡. According to Theorem (3.16), the group Ext(Q N , Z) is isomorphic to the quotient Z N /Z of the group Z N of N -adic integers by the group Z of integers. Using Theorem (4.2), and for N prime, we easily see that the relation induced by ≡ on Z N /Z is given by:
where [J] is the class in Z N /Z of J ∈ Z N and N k J is the sequence (N k J n ) n∈N for any J ∈ Z N .
Hence, in conclusion, for a given α ∈ Ξ N , the data K 0 (A S α ), [1] , α 0 where α 0 is the trace of any Rieffel-Powers projection in A S α , is a complete invariant for A S α . Indeed, (K 0 (A S α ), [1] ) determines a cocycle ξ J in H 2 (Q N , Z), up to the equivalence ≡, and we can recover α up to a shift using the value α 0 .
Our classification result has the following interesting dynamical application. The following is easily seen:
